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Overview

• Time-Dependent Convection Dominated Equations

• Context of Convection Dominated Equations and the Navier-Stokes equations

• Different variations of the Finite Element Method FEM, SDFEM and LSFEM

• Schwarz Domain Decomposition to connect these different methods

• Numerical results

• Conclusion and Future Prospects
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Time-Dependent
Convection Dominated Equations

∂

∂t
u− ε∇2u + k · ∇u = f in Ω ⊂ Rn

u = h on ∂Ω

u = g for t = t0

ε is the diffusion and k : Rn → Rn is the convection coefficient with ε << ‖k‖.
Application areas :

• Heat transport

• Computational Fluid Dynamics, e.g. the Navier-Stokes equations

• ...
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Context of Convection Dominated
Equations and the Navier-Stokes equations

The Navier-Stokes equations :

∂v

∂t
+ (v · ∇)v − ε∇2v +∇p = f in Ω (1)

∇ · v = 0 in Ω (2)

v = h on ∂Ω (3)

v = v0 for t = 0 (4)

Given: ε = η
%, % = density, η = viscosity, f = force per unit volume

Unknowns: v = velocity field, p = pressure
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Context of Convection Dominated
Equations and the Navier-Stokes equations

Two strategies to solve the Navier-Stokes equations:

1. coupled problem

Advantages: allows bigger time step size for high Reynolds-numbers
divergence freedom directly guaranteed by weak formulation
Disadvantage: huge system of equations

2. uncoupled problem using Splitting- or Projection techniques

Advantages: system of equations is split into d+1 systems, while last pressure
system is a smaller one. All equations well understood
Disadvantage: divergence freedom not directly guaranteed by weak
formulation
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Context of Convection Dominated
Equations and the Navier-Stokes equations

The Reynolds number

Re =
v̄l

ε
is the ratio of the characteristic length l multiplied with the mean fluid velocity
and the kinematic fluid viscosity ε.

• Higher Reynolds-number requires implicit treatment of non-linear term

• This leads to a Convection Dominated Equation
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Context of Convection Dominated
Equations and the Navier-Stokes equations

For the Chorin-method (with β0 = 1) and the technique developed by Heinrichs
for spectral methods and extended to FEM by Frochte and Heinrichs the resulting
problems for the intermediate velocity ṽ : Rn → R are

β0

4t
ṽi

m+1 − ε∇2ṽi
m+1 + vm · ∇ṽm+1

i = f i = 1..d

• 1 ≤ β0 ≤ 11/6 : constant depending on the used BDF scheme

• f : right side including the gradient of the pressure etc.

• vm : velocity from the last time step
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Context of Convection Dominated
Equations and the Navier-Stokes equations

Flow Around a Cylinder
Defined by M. Schäfer and S. Turek in 1996

as part of

”
Flow Simulation on High Performance Computers“
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